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What determines the trajectory in the space of shapes?

http://www.icr.org/article/6739/

Arabidopsis thaliana

Giant sequoia

Complex systems and developmental biology

~5 quadrillion cells

(5,000,000,000,000,000)



Outline

•Average dynamics of leaf contours 

•From leaf contour to leaf blade 

•Distributions of flower shape 



Leaves in the model plant Arabidopsis thaliana
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samples 6th leaf 
in Arabidopsis

It is highly difficult to follow the same living leaf

How to obtain a trajectory in shape space from independent samples?



Why leaves? 
- - Source of energy (photosynthesis) 
- - Diverse shapes: simple, lobed, 

compound; toothed, untoothed 
-

Blade

Petiole

Petiole

Blade

Petiole

Leaflet

Rachis

Tooth

Lobe

Teeth

Greenwood, New Phytol 2005

Arabidopsis

Oak

Rose

- - Shape ~ paleoclimates?  



Some of the previous 
approaches for leaves

Klingenberg 
J Evol Biol  2012

Phylogeny

Classification of the genus Potentilla, long based on
morphological traits (Wolf, 1908), has recently been
revised in the light of new phylogenetic information

(Eriksson et al., 2003; Lundberg et al., 2009; Dobeš &
Paule, 2010; Töpel et al., 2011). In particular, a number
of species have been reclassified from the traditional
Potentilla s.l. to distinct genera, such as Comarum and
Dasiphora. Unfortunately, the most detailed phylogenies
of Potentilla s.l. contain a large and mostly unresolved
clade, called ‘core Potentilla’ (Dobeš & Paule, 2010) or
‘Argentea clade’ (Töpel et al., 2011), which includes most
of the species considered in this study. There also appears
to be incongruence between nuclear and chloroplast
sequences and differences in ploidy within and between
species, which may reflect hybridization events (Goldblatt
& Johnson, 1979; Lundberg et al., 2009; Töpel et al.,
2011).

To obtain a better phylogenetic resolution for the
species in our study, we ran a detailed phylogenetic
analysis of the species in described here and used Rosa
majalis as an outgroup to root the tree. Three chloroplast
DNA sequences (trnLuaa-trnF gaa IGS, trnS uga-ycf9 IGS and
trnC gca-ycf6 IGS) and two nuclear sequences (ITS 5.8S
rRNA gene and ETS 18S rRNA) were individually aligned
using ClustalX (Larkin et al., 2007) and concatenated to
form an alignment of 2992 nucleotides, which was used
for subsequent analysis. A phylogenetic tree (Fig. 1) was
estimated using RAxML (Stamatakis et al., 2008) under a
model that partitioned the data into chloroplast and
nuclear genes and allowed a different GTR + G model
parameters and branch lengths for each partition. (Full
details of phylogenetic analysis and model choice are
provided in Appendix S1.) Uncertainty in the phylo-
genetic tree was assessed using a nonparametric boot-
strap with 200 replicates (Felsenstein, 1985a; Stamatakis
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Fig. 1 Phylogenetic tree of the species included in this study and mean leaf shapes. The tree is the maximum-likelihood tree for the original

sequence data, and numbers at the nodes indicate the bootstrap support of the corresponding nodes (as a percentage of the 200 bootstrap

replicates; asterisks indicate sister group relationships that were assumed based on taxonomic information). The diagrams of leaf shapes

show the mean of the symmetric component of shape variation, based on the landmarks included in this study. It should be noted that the

diagrams have been scaled to the same centroid size, but that there also are large interspecific differences of leaf size.
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Fig. 2 Landmarks measured for the whole leaves (a) and leaflets (b).

(a) For each leaf, a set of 25 landmarks characterizes the entire leaf

(note that the diagram shows a pinnate leaf – for a palmate leaf, the

rachis is shortened so that all five leaflets originate from a single

point at the end of the petiole). (b) For the distal and one of the

proximal lateral leaflets, more detailed data were collected, with

15 landmarks per leaflet.

Morphometric integration in compound leaf shape 117

ª 2 0 1 1 T H E A U T H O R S . J . E V O L . B I O L . 2 5 ( 2 0 1 2 ) 1 1 5 – 1 2 9
J O U R N A L O F E V O L U T I O N A R Y B I O L O G Y ª 2 0 1 1 E U R O P E A N S O C I E T Y F O R E V O L U T I O N A R Y B I O L O G Y

Little investigation 
of developmental 
trajectories

Methods
Plant Material. An F2 population of 204 plants originating from a
single F1 hybrid of A. majus (JIC stock 7) ! A. charidemi plant were
grown together in controlled glasshouse conditions. All species
accessions came from seeds harvested in the wild (for each species,
a single wild capsule was sown), so it is possible that some variation
between species reflects maternal effects. Accession locations,
references, and numbers of sampled plants are summarized in
Table 2, which is published as supporting information on the PNAS
web site.

Data Capture and Measurements. Fully expanded node 4 leaves
were sampled "4 months after sowing, when plants had fully
f lowered (cotyledons are at node 1). Leaves were removed from
the plants, glued onto paper, and either scanned or photo-
graphed with a scale bar.

Allometry Model. All images were scaled to the same resolution (6
pixels per mm) and rotated to make every leaf horizontal. A leaf
point model was created in MATLAB, with a function pmcreate in the
Visicast package (available on request, see Supporting Text, which
is published as supporting information on the PNAS web site).
Nineteen points were placed around and within the leaf silhouette
(Fig. 2). Point coordinates were saved as a separate array file for
each leaf. A point distribution model was then built from the
coordinates by PCA using the buildpdm function from Visicast
without distinction between primary and secondary points.

Genetic Map of the F2 Population Between A. majus and A. charidemi.
A genetic map was constructed by genotyping all members of the
F2 population for 237 dominant and 54 codominant markers

(unpublished data). Redundant information from markers map-
ping at the same position in coupling was eliminated and dominant
markers in repulsion converted to synthetic codominant loci. The
resulting map resolved the eight Antirrhinum chromosomes and
consisted of 96 codominant and 78 dominant loci, with an average
interval of 4.0 cM.

QTL affecting PC values were identified by step-wise regression
in QTL Express (20), allowing for both additive and dominance
effects of QTL alleles. The significance of the QTL was assessed by
the Churchill and Doerge method (21) implemented in QTL
Express. At each stage, the most significant QTL was fixed as a
cofactor and the genome rescanned until no further QTL could be
detected with at least 95% confidence. The position, effect, and
likelihood of each QTL were then recalculated with all other QTL
affecting the same PC fixed as cofactors. To represent each QTL as
a vector, its effect on all three PC values was estimated. To reduce
the effects of linked QTL on these estimates, they were calculated
by regression in QTL Express under conditions in which all other
QTL affecting the PC were fixed as cofactors. Each QTL effect on
PC values represents the mean effect of substituting both A.
charidemi alleles at the most likely position for the QTL with alleles
from A. majus.

Results
The outlines of leaves from an F2 population of A. majus ! A.
charidemi were captured from digital images. For each image,
the coordinates of 19 points along the leaf margin and mid-vein
were recorded (Fig. 2). These included six primary points, which
were manually placed at recognizable landmarks: one at the base
of the petiole, two at the base of the lamina, two at the points
of the maximum leaf width, and one at the tip of the leaf. The
other 13 points, termed secondary points, were placed in be-
tween the landmarks and automatically spaced at equal intervals
(Fig. 2).

Joining the 19 points with straight lines captured the main
features of the leaf outline. Thus, 38 coordinate values (two per
point) provided a numerical summary of the shape and size of
the leaf. Data for each leaf were manually rotated such that the
mid-vein was horizontal and automatically centered by using the
centroid of the coordinate values. This procedure was applied to
each of two leaves from node 4 of 173 F2 plants, giving a data set
of 38 ! 173 ! 2 # 13,148 coordinate values.

The coordinate values showed much greater variation between
than within genotypes. For example, the variance in coordinate
values taken at the widest point of the leaf was "32 times greater
between plants than between leaf pairs of the same plants, sug-
gesting that up to 95% of the variation had a genetic basis. The
values showed near normal distributions on either absolute or
logarithmic scales, compatible with both additive and multiplicative
gene effects (data not shown).

The coordinates define a 38 dimensional space in which each axis
represents variation in one of the coordinate values. Each leaf shape
can be represented as a single point in this space, and therefore all

Fig. 1. Comparison between A. charidemi (Left) and A. majus (Right). (A)
Individual flowers in side view. (B) Leaves from node 4. (C) Whole plants. (Scale
bars, 1 cm in A and B and 10 cm in C.)

Fig. 2. Points used to capture leaf shape. Primary points (black circles) are
placed at key landmarks and secondary points (white circles) are automatically
spaced at equal intervals between primary points.

10222 ! www.pnas.org"cgi"doi"10.1073"pnas.0504210102 Langlade et al.

of the leaf shapes in the F2 together define a cloud of points. The
means of each of the 38 coordinate values defines the center of the
cloud, corresponding to the mean leaf shape. To facilitate further
analysis, the 38 mean values were subtracted from the data so that
the mean leaf shape was centered at the origin. Therefore, the
position of each leaf shape corresponded to its deviation from the
mean.

Because the points along the leaf outlines are correlated, most of
the F2 variation can be captured with far fewer than 38 axes. This
smaller set of axes was defined through PCA, which uses linear
correlations between data to define orthogonal axes that capture
maximal trait variance. PCA revealed that 92% of the variation
could be captured with three orthogonal axes, termed PCs. PCs
were numbered according to the amount of variation they captured,

so that PC1 accounted for 68%, PC2 accounted for 17%, and PC3
accounted for 8% of the variation. These PCs constitute an
allometric leaf model, which efficiently captures the variation in leaf
shape and size. Using this model, each leaf shape could be described
with three PC values, corresponding to the deviation from the mean
along each PC. The three PCs therefore defined axes of a three-
dimensional space, in which each leaf could be represented as a
point. We refer to this space as allometric leaf space.

Variation in values along each PC was significantly greater
between than within genotypes, indicating that this variation was
under genetic control (up to 97% of the variance was explained by
genotype). The contribution of each PC to leaf shape and size is
illustrated in Fig. 3. Variation in PC1 values had a major effect on
area and a slight effect on shape. Variation in PC2 values had an
allometric effect, influencing both shape and area. As the value of
PC2 was changed from low to high, leaf shape changed from
lanceolate to deltoid and leaves became larger. Varying PC3 values
also had an allometric effect, although proportionate effect on size
was less than for PC2 values. Because growth occurs exponentially
during much of development, the PCs were also calculated after
first transforming the data to a logarithmic scale. This gave qual-
itatively similar results (data not shown).

To map the genes controlling leaf shape, the PC values for each
leaf were used as traits for QTL mapping. The positions of the loci
underlying variation along each PC are shown in Table 1 and Fig.
7, which is published as supporting information on the PNAS web
site. This analysis showed that four loci could account for 43% of
variation along PC1, four loci for 54% of the variation along PC2,
and three loci for 23% of the variation along PC3. Three minor
effect loci were found to account for a further 12% of the variance
along PC1 and one minor effect locus for a further 2.8% of the

Fig. 3. Leaf shapes and sizes described by variation along the first three PCs
of the leaf allometry model. For each PC, the mean outlines together with
outlines corresponding to PC values deviating by !2 standard deviations (!2
SD) or "2 standard deviations ("2SD) from the mean are shown in gray. Leaf
outlines corresponding to !2, !1, 0, "1, "2 standard deviations from the
mean are also shown overlaid with or without normalization to the same area.
For each PC, the percentage variance explained and the effect on leaf area of
varying the PC value by 2 standard deviations is shown on the right.

Table 1. Mapping variation in PC values by QTL analysis

QTL Position* LOD Dominance effect†

Variance
explained, %‡ Additive effect, #2§

Angle¶, °PC1 PC2 PC3 PC1 PC2 PC3

LF1.1 7:25 16.0 0.02 19.9 0.01 0.05 !1.40 0.18 0.35 16
LF1.2 4:55 10.0 !0.31 12.2 0.99 1.31 !0.90 !0.46 !0.32 32
LF1.3 3:55 8.3 !0.39 8.57 0.23 1.05 !1.02 0.20 !0.28 19
LF1.4 1:24 5.2 !0.12 4.98 0.34 0.79 !0.65 0.20 0.01 17
LF1.5 8:72 4.6 !0.24 4.21 0.23 1.83 !0.58 0.09 0.40 35
LF1.6 8:32 4.3 !0.37 4.50 0.23 0.79 !0.40 0.15 0.04 21
LF1.7 1:82 3.8 0.10 3.43 0.69 1.83 !0.58 0.29 !0.47 43
LF2.1 2:45 16.1 0.18 0.21 18.7 0.26 0.17 1.22 0.27 15
LF2.2 4:39 12.5 0.25 0.64 17.0 0.79 !0.41 !1.13 !0.41 27
LF2.3 8:34 9.4 0.26 0.45 10.6 0.52 !0.03 1.00 0.15 9
LF2.4 6:5 6.9 0.25 0.21 9.94 0.52 !0.01 !0.95 !0.32 19
LF2.5 6:44 3.0 0.01 0.43 3.09 0.52 0.17 0.70 !0.01 13
LF3.1 7:47 6.0 !0.45 0.35 0.91 8.90 !0.10 0.33 1.23 16
LF3.2 6:31 4.0 !0.45 0.05 0.46 6.81 !0.01 0.01 !1.20 1
LF3.3 4:17 2.7 0.23 0.19 0.11 4.19 !0.14 !0.23 !0.65 23
Total 60.3 63.5 30.1 !5.90 1.58 !1.21

LOD, log of the likelihood ratio.
*The first digit indicates the chromosome, and the number after the colon represents the most likely position of the QTL in cM (e.g. 7:25
is 25 cM from the top of chromosome 7).

†Dominance effect is the difference in the direction of the A. majus allele between the means of the homozygotes in the F2 population
and plants heterozygous at the QTL estimated from regression-based interval mapping (see Methods). It refers only to the main PC
affected by each locus and is expressed in units of standard deviation. Loci with a dominance!additive effect ratio $1 were classed as
overdominant (LF1.6), between 0.67 and 1 as dominant (LF1.2, LF1.3, LF1.5, LF3.2), between 0.67 and !0.67 as additive (LF1.1, LF1.4,
LF1.7, LF2.1 to LF2.5), and below !0.67 as recessive (LF3.1 and LF3.3).

‡The percentage variance in each PC explained by a locus was calculated by regression in which all other loci relevant to the PC were fixed
as cofactors (see Methods).

§The additive effect of each locus represents half the effect on the value of each PC (in units of standard deviation) of replacing both
alleles from A. majus with alleles from A. charidemi. Twice the additive effect therefore estimates the average difference between the
two homozygotes. The values for the effects of each locus on the three PCs define a vector in three-dimensional allometry space.

¶Angle between the vector and the mainly affected PC axis.
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folium has been noted as having cordate (heart-shaped)
leaves, with unique bulges on the proximal ends of its
leaflet (Peralta et al., 2008) and a deltoid tip. S.
habrochaites accessions generally possess obtuse leaf-
lets, with relatively blunt tips and have an elliptic
shape. The leaflets of S. arcanum accessions, on the
other hand, tend to be relatively acuminate (with a
tapering point) and thinner, sometimes to the point of
being lanceolate or even acicular (lance or needle like).
These observations, like many botanical descriptions,
are qualitative and determined by individual re-
searchers. Additionally, such species-level descrip-
tions are, by their nature, generalized, and do not
account for variation in shape among intraspecies
populations and individuals, which is evident in the
selected accessions (Fig. 2).
It is therefore worth commenting that, despite con-

siderable variation within species, our analysis dis-
criminates shape differences at a species level that
quantify defining morphological characteristics that

we and others have observed when working with wild
tomato species. S. habrochaites, for example, has lower
PC1 values than either S. pimpinellifolium or S. arcanum
(Fig. 4A; Supplemental Fig. S3). Low PC1 values
correspond to an obtuse, elliptic/ovate morph (Fig.
3A) whereas high PC1 values represent a more deltoid
shape. If the mean outlines of leaflets from different
species are compared it is apparent that the distribu-
tion of area in S. habrochaites leaflets is shifted distally
relative to the other species (Fig. 4C, indicated by
bars), accounting for its unique shape. S. pimpinellifo-
lium, contrastingly, is defined by lower PC2 values
(Fig. 4A). Low PC2 values correspond to a cordate
morph with proximal leaflet bulges (Fig. 3A). Again,
these features can be observed when comparing mean
leaflet outlines, in which the proximal, cordate bulges
of S. pimpinellifolium are evident compared to acces-
sions from other species (Fig. 4C, indicated by arrows).

In addition to the species-level shape differences
apparent in these wild tomato accessions, it is also
clear that they exhibit heteroblasty; that is, leaves
emerging from different nodes have intrinsically dif-
ferent shapes (Poethig, 2003). Because of this, we
wanted to determine if the differences we observe
are particular to a node or leaflet type. This does not
seem to be the case, and comparing PC values across
the leaf series, the general shape contrasts between
species are preserved (Fig. 4A). Additionally, analyz-
ing leaflets along the proximal-distal axis of a single
leaf (leaf 4, Fig. 4B), the general patterns between
species remain constant. That is not to say that there
are no differences in shape by node or leaflet position,
just that the shape differences between species remain
in a wide range of developmental contexts, which we
discuss next.

Leaflet Shape as a Function of the Leaf Series

We next analyzed shape changes that occur in
leaflets that arise on leaves at different nodes. In our
analysis, we terminally harvest plants at a single time
point. We later show how variation in developmental
rate can be used as a surrogate for a time series, but
first analyze difference in shape relating to node
position. PC1 to 3 trend higher in leaves emerging

Table I. P values for PCs varying by factors analyzed in this study

Table of Kruskal-Wallis P values for PC1, PC2, and PC3 differing by factors analyzed in this study. Note
the extremely significant P values for PCs by all factors. Despite relatively less significant P values
compared to other factors, differences in shape with respect to light treatment are detected, especially for
PC2.

Factor PC1 PC2 PC3

Species ,2.2 3 10216 ,2.2 3 10216 ,2.2 3 10216

Leaf series ,2.2 3 10216 ,2.2 3 10216 ,2.2 3 10216

Proximal-distal axis ,2.2 3 10216 ,2.2 3 10216 ,2.2 3 10216

Leaf no. ,2.2 3 10216 ,2.2 3 10216 ,2.2 3 10216

Light treatment 1.5 3 1027 3.9 3 10211 5.8 3 1023

Figure 3. PCs explaining variance in leaflet shape. A, PCs 1 to 3 and the
percent of symmetric shape variance in leaflets they explain. PCs are
derived from EFDs that decompose and quantify shape variance in
leaflet outlines. Shown are theoretical eigenleaves at values 62 SDs for
each PC and their overlay. B, Similar to PCs explaining symmetric
shape variance, shown are PCs 1 and 2 explaining asymmetric variance
in leaflet shape.

Developmental Trajectory of Leaflet Shape

Plant Physiol. Vol. 158, 2012 1233

- Fourier modes 
+ PCA

- D i s c r e t i s e d 
contour + PCA

- Landmarks  
- + PCA
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Combining landmarks and contours to  analyse leaf morphogenesis

Averaging 
Representation

Quantification

Landmark-guided  
reparametrisation
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Identifying landmarks
- Basis, 2 points: expert 
- Leaf tip: distance from basis 
- Sinuses: curvature 
- Tooth tips: curvature or symmetry

- Identifying primary 
sinuses: iterative tests 
based on angles (one 
parameter: limit angle)

bisector (sinus on the right in Figure SM2B). Starting from the opposite sinus, successive

points over the contour are considered, defining new bases (thick segments in Figure SM2C).

At each step, the local symmetry is estimated by computing the ratio of the areas of the two

regions delimited by the bisector and the basis. The contour position intersected by the axis

with the maximal symmetry (e.g., a ratio close to 1) is chosen as the tooth tip (blue circle in

Figure SM2C, to be compared with the solution given by the maximal  curvature criterion,

indicated by the arrow).

Identification of the tooth hierarchy

A primary tooth is defined as growing on the main leaf margin, while a secondary tooth is

formed on a primary tooth. The objective is to retrieve this hierarchical structure by identifying

secondary sinuses,  i.e. sinuses that  delimit  secondary teeth only  (as opposed to primary

sinuses, at the basis of primary teeth). A proper hierarchy identification is crucial because the

positioning of the sinuses is not sufficient to properly characterize the leaf serrations when

secondary teeth occur on the contour (see Figure SM3). Note that a single sinus can delimit

primary and secondary teeth at the same time.

To determine the tooth hierarchy, we designed two different approaches. Both are based on

the observation that the shape defined by the primary sinuses is well aligned with the general

leaf contour, i.e. a contour in which all teeth have been erased. On the contrary, secondary

Figure  SM3. The  sinuses  identification  is  not  sufficient  to  properly  quantify  leaf  blade  serrations.
A: contour of an Arabidopsis leaf, with the serrations of the upper half-leaf highlighted (green curve). Sinus
positions are showed (green circles). B: zoom on the rectangle in A. Due to the presence of a secondary tooth,
the position of the teeth is incorrect if we consider the sinuses sequentially. In gray: the numbers indicate four
successive teeth that are incorrectly identified; their basal limits are indicated with continuous gray segments. In
blue: the four teeth are correctly identified; their basal limits are indicated with blue dashed segments. Teeth 1, 2,
and 3 are primary teeth while tooth 4 is a secondary tooth that is part of the primary tooth 1. Scale bar: 100μm.

Development 143: doi:10.1242/dev.134619: Supplementary information

lobe. The objective is to recursively build the hierarchy tree: the root corresponds to the base

contour of the leaf (level 0) and the other nodes correspond each to a tooth, whose rank is

determined by its level in the tree (a node of level 1 corresponds to a primary tooth, etc.). If

the current lobe contains at least an inner sinus (i.e., distinct from the bounding sinuses; see,

e.g., step 1 in Figure SM5B), the deepest sinus is determined as the sinus that forms the

largest inner angle with the bounding sinuses (the deepest sinuses are indicated by arcs in

Figure SM5B). This angle is used as a measure of alignment. The selected inner sinus splits

the current lobe into two consecutive sub-lobes (in Figure SM5B, the split of the initial lobe

yields  the  two  sub-lobes  highlighted  in  green  in  steps 1-1 and 1-2),  and  it  becomes  a

bounding sinus in each of the two sub-lobes. If this sinus is sufficiently deep (if the angle is

larger  than  a  threshold,  see  below),  no  higher  hierarchy  is  detected  (steps 1  and 1-1  in

Figure SM5B) and the same procedure is applied recursively on each of the two sub-lobes,

with  no  change  in  the  hierarchy  (they  are  sister  lobes).  Alternatively,  if  the  sinus  is

insufficiently deep (if the angle is smaller than the threshold, see below), the level of the sub-

lobe  with  the  smallest  area  is  increased  by  1,  while  the  level  of  the  other  sub-lobe  is

unchanged (step 1-2 in Figure SM5B). In parallel, a new node is created at the current level in

the tree that corresponds to the lobe with the largest area; this node is the mother of the sub-

lobe, whose level is thus increased by 1. Next, the procedure is recursively repeated on each

of the sub-lobes. The procedure stops when there is no more inner sinus, so that the current

Figure SM5. Hierarchy computation: the recursive algorithm of method 2.  A: a leaf contour (in gray) and
the portion of the contour processed to build the hierarchy (in C), with the corresponding sinuses (green circles).
Arrows: initial bounding sinuses. B: steps of the recursive procedure (the gray arrows illustrate the flow of the
steps). The contour is recursively split into two sub-contours at the position of the sinus that maximizes the
angle with bounding sinuses (red dash lines, maximal angle indicated by an arc). According to the angle value, a
change in the hierarchy level is detected (star, step 1-2) or not (steps 1 and 1-1). The last row shows the final
teeth, numbered in the order they were identified (tooth 3 is secondary). In step 1-2-2, the contour considered by
the algorithm is indicated by the continuous green line,  but  the corresponding tooth (4)  includes the green
dashed line. C: corresponding hierarchy tree, with the same numbering as the one on the last row in B. Scale
bar: 100μm.

Development 143: doi:10.1242/dev.134619: Supplementary information



Registration and reparametrisation
Contours                                    , 

Landmarks                                            with

s 2 [0, si,!]fi(s), i 2 {0, . . . , n}

{si,↵} , ↵ 2 {0, . . . ,!} si,0 = 0

- Co-registration 
Minimise the distance between contours modulo rotation-translation         and 
scaling        : 

solved through iterated Procustes transformations to an averaged contour 

(⇢i)
(Ri)

E ({⇢i,Ri}) =
X

i>j

Z 1

0
ds̃ (⇢iRigi(s̃)� ⇢jRjgj(s̃))

2

- Outcome: 
 Registered contours/landmarks                 ,    to keep size informationRifi(s)

'i : [0, si,!] ! [0, 1]
- Co-reparametrisation: 
                                    piecewise affine, such that 

Co-parametrised contours: 

'i(si,↵) =
hsi,↵ii
hsi,!ii

gi = fi � 'i



Contours+
landmarks

Leaf tip vs. no landmark

Adding 
sinuses

A d d i n g 
teeth tips

Arabidopsis



1cm

Contours+
landmarks

Sessile oak

Maple
Red 
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Mexican 
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Developmental trajectories
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Developmental trajectories

- Sliding average (Gaussian kernel) 
- + quantification of leaf shape / teeth



Developmental trajectories
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+ quantification of leaf shape / teeth



Comparison wild-type / mutant
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Conformal maps: transformations that keep the same angles
In 2D, the contours define all the transformation!

From leaf contours to leaf blade



Applying conformal maps to leaves

Approach:
• Observe growing leaves
• Quantify contours and predict 

growth assuming conformal map  
(Schwartz-Christoffle)

• Quantify growth in the lamina
• Compare ‘predicted’ and 

measured growth
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Good ‘prediction’ of displacements



Prediction of smoothed growth distribution
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FIG. 2. (a,b) Measured and (c,d) calculated growth in area of
Petunia and tobacco leaves based on the displacement fields
shown in Fig. 1 (c-h). Growth is decreasing gradually from
leaf base to leaf tip and suppressed along the midvein relative
to the leaf blade. (e) Correlation between measured and cal-
culated growth in area as a function of averaging kernel size
normalized by each leaf’s longest half axis.

are not captured by the area growth calculated from the

conformal map. Here, growth is reduced along second

order veins with interstitial tissue growing faster.

Growth dominated by first and second order growth
mode. The conformal map allows us to decompose the

overall displacement fields in a series of di↵erent modes

of growth. To this end we expand the full conformal map

f =

X

n=1,2

an(z � zp)
n

(2)

by calculating the best complex Chebyshev approxima-

tion of the map f [15] around the position of the peti-

ole zp, an being complex numbers. We neglect higher

order modes since their contribution is negligible and the

full expansion including the first two orders is already

su�cient to reach the same correlation values (see Eq. 1)

as the full conformal map. Yet, the first mode alone

which is a simple dilation is not su�cient to describe the

observed dynamics of growth. The second mode is neces-

sary to incorporate the low growth rate at the very tip of

the leaf. Note that already the combination of two modes

of growth allows for a large variety in growth patterns -

growth patterns that are captured by a conformal map

between initial and final leaf contour.

Isotropy and conformal maps. We now examine the

relation between conformal maps and the strain tensor.

If the infinitesimal strain is isotropic, then the diagonal

strains are equal, @xUx = @yUy, while the shear strain

vanishes @yUx + @xUy = 0. These two relations are ex-

actly the Cauchy-Schwartz equations that are equivalent

to the map being conformal. Conversely, if the map is

conformal then strain is isotropic. Leaves grow roughly

isotropically at later stages [10, 11], which explains why

conformal maps built upon the contour are successful in

describing our observations.

Conclusion. In conclusion we find that a conformal

map between initial and final leaf contour predicts both

the measured displacement field of a growing leaf and

the large scale patterns of growth in area correctly. This

is true although the dynamics of growth of the leaves

investigated here are not a mere dilation. We thereby

established a tool to study growth dynamics of almost

planar two dimensional tissues in a developing organism.

This tool is particularly relevant whenever growth is lo-

cally isotropic, or can be used to test if growth is locally

isotropic.
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Shape and size are robust in spite of internal and external perturbations

Bilateral symmetry

Robustness of form



Flower size in Arabidopsis varies by about 5%

Shape and size are robust in spite of internal and external perturbations



abaxial sepal

The sepal as a model system

tip

tip tip tip



flowers from a single WT plant

flowers from the single vos1 plant

Genetic screen for variability: 
Individual plants in which sepals are variable in size 



WT sepals

Genetic screen for variability: 
Individual plants in which sepals are variable in size 

 
Figure 1 vos1 mutants have increased variability in sepal size and shape 
(A) Wild-type (WT) and vos1 flowers before flower opening at stage 12 (left) and at 
maturity (stage 14; right). Note that many vos1 flowers have irregular sepals of different 
shapes and sizes in the same flower, while other flowers have with normal sepals. These 
vos1 flowers are taken from the same inflorescence, showing that this variability occurs 
in a single plant. (B) Scanning electron micrographs show that sepal primordia form 
normally in vos1 mutants. The vos1 sepal variability phenotype starts at stage 5 (S5) and 
intensifies as the flower grows. Arrowheads show abnormal sepals in vos1. Stages 3-7 

Figure 1
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vos1 mutant sepals



Towards a 3D analysis

• Image in 3D (confocal microscopy) 

•Binary images (supports) of many sepals 

•Distance = overlap between supports 

•Co-registration 

•Probabilistic sepal



Summary

•Combining landmarks and contours to 
analyse leaf shape during morphogenesis 

•Contours give all information for 2D 
isotropically growing systems 

•Work in progress: variability of contours, 3D 
shape

Biot et al. Development 2016 
Alim et al. Phys. Biol. 2016 
Hong et al. Dev Cell 2016 
Mollier et al. in progress


